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LETTER TO THE EDITOR

On the complete integrability of the Hirota—Satsuma
system
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High Energy Physics Division, Department of Physics, Jadavpur University, Calcutta
700 032, India

Received 4 January 1984

Abstract. We have applied the Painlevé Test to the coupled nonlinear system advocated
by Hirota and Satsuma. We have also made a Lie point symmetry analysis of these equations
and have shown that the reduced ordinary nonlinear equations are not members of the
Painlevé class. Also the Painlevé test itself is seen to fail, so that on both counts the
equations are not completely integrable in the usual sense.

In a recent paper Oevel (1982) has investigated the hereditary symmetry structure
and the infinite connecting symmetries associated with the nonlinear partial differential
system proposed by Hirota and Satsuma (1981). There he raised the point that the
Hirota-Satsuma set of equations may not be completely integrable, although they do
possess many features exhibited by other such equations. Inspired by this, we ventured
to apply the Painlevé test devised by Weiss ef al (1983) to check whether the system
actually conforms to the criterion of the test. We have also made a Lie point symmetry
analysis (Bluman and Cole 1974) to see whether the similarity variables reduce the
nonlinear partial differential system to the Painlevé class of ordinary nonlinear
equations. Finally, we observe that both procedures indicate the lack of complete
integrability of the system.
The equations under consideration read as follows

U, = A(Uge, +6UU, ) + 20V,
(1)
U, = — Uy — 3UD,.
To proceed with the Painlevé test, we set
u=Y o v=Yue"* (2)

where we are searching for the singular solution manifold given by ¢(x, t) = 0. Substitu-
tion of (2) in (1) yields

a=8=-2
and

¢’"'2[Z Ui+, vm,m] +¢>'"‘3[Z (M=2)0y,,+3Y, (M—2)Vpy 0

+3 Z (m_z)(m—3)vmx¢i+3 Z (m-z)vmx¢xx+z (m_2)0m¢xxx]

0305-4470/84/050231+04302.25 © 1984 The Institute of Physics L231



L232 Letter to the Editor

+Y (m=2)(m=3)(m—=4)v,,¢3¢™°
+3 z (m —2)(m_3)vm¢x¢xx¢m—4+3 Z ujvmx¢j+m_4
+3Y (m=uv, ¢’ " . =0 (3)

along with
¢’"2[Z w,—ay u,,m] + ¢>"3[Z (ji-2)ujd—3a ) (j=2)Uju

—3a Z (j_z)(j—3)uj,x¢i_3a X (j-z)uj,xd’xx_a Z (j—z)uj¢xxx]

—aY (j=2)(j=3)(j-4ue e’ =3a Y (j=2)(j=3)ujd:buxd’*
=64 Y Uy " =6a Y u(m—2) U, ¢,
=2bY VU’ =2b Y 0(m—2)v,, ¢ " . =0. 4

Equations (3) and (4), on equating different powers of ¢, yield

up=—4¢> vo=ad: )
%0 v =}
From the lower-order terms we get
362Ut 6%+ 60 brxt B7 3~ 1867 b + 15 &7 s 15 63 6 =0, (6)

where u, is still undetermined. If we collect further terms, equation (3) yields

6adius+ 12303+ 120502, — 200, bu — 165 AGux rxx = 200 B

tBadud +{iadua— T adi—Sad, duu, =0 (7
Similar considerations of equation (4) gives rise to
12a¢3— badlv,— 262 ¢, + 1202+ 120, bz — 360> drax — 364> b

+i5adt. b —F adl b, =0 (8)
and
12a¢p3us— badivs—FF ad, duulty + 13 bad, b2 — 12ad 51U , + badp?v, . + 46, ¢,

15 Grx O — Brx Draxh — 4B Brrax — 13 Az + 13 Arax 3 = 0. (9)

If we now apply the usual technique of determination of the ‘resonances’ by cutting
off series (2) we set u; = u, = v;= v, =0 then u,, v, will have to satisfy following sets
of simultaneous partial differential equations;

u2( = a(uQxxx + 6u2u2x) + 2b0202x

= = Uyaex — JUpUss

and

3¢xu2+6¢xx+6¢x¢xxx+¢ ¢I—18¢ ¢xx+163¢ ¢xxx _g—¢ b, =0
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12a3 uy— bad; v~ 23 ¢, + 12075 + 12, brxs — 36403 ¢y,
+iadi b~ F adl dex =0
—ag bl +15bad, b0~ 12ad5 Uz o+ bads v2, T4, by,
15 b b1~ Brx Drach ~ 4B Brxx — 13 APz +13 APrxx 3= 0
1203 02x — 200, by — 168 Ay brrr — 200y Brree + 1 s &
+B @b — P ad: — 5P ety =0. (10)

It is now only extremely tedious to check that these equations are not mutually
consistent, so that it is impossible to truncate the series for u and v. Even if one does
not cut off the series; it is not easy to determine the coefficients u;, v; and also it is
not possible to get a relation of the form

u=a(3*/6x*)(log )+ u,
v=B(3%/3x*)(log )+ v,

to generate a Backlund transformation. So the only conclusion that can be reached
is that the Hirota-Satsuma system is not completely integrable even though it possesses
infinitely many connecting conservation laws.

To put our assertion on a firm ground, we report here a Lie point symmetry analysis
of the set (1) and the subsequent deduction of the similarity variable, in order to check
the possibility of reducing system (1) to the original Painlevé class of ordinary nonlinear
equations.

Let us consider the following Lie transformation

(11)

x*>x+ef(x, t,u v) t*>t+er(x, t,u, v) (12)
1
u*s>u+en(xt uv) v¥>v+eni(xt, u v)
and demand the invariance of the set (1) which yields:
1 2
n =—-2ux n°=—-2va
and a=+1 (13)
E=ax+b T=ct+d

So that symmetry condition automatically fixes the value of the constant a in equation
(13) to be 3, as originally considered by Oevel (1982) and Hirota and Satsuma (1981).
We now write down the Lagrange equation

dx/{ax+b)=dt/(ct+d)=du/—2ua =dv/—2va, (14)

which upon integration yields the following similarity forms

1 X
" laxt b)2f<3z”3) ”=(ax+b)2g(4:“3> (15)

Changing to these functions we find that f and g satisfy the following ordinary nonlinear

differential equations

d’g/do’ —6(d*g/do?) +9(20%—1/0) dg/do +27(dg/do)ha®—27(E+2h)go> =0
(16)

ac’ d*f/do*—18ac? d*f/do* + 54ac df/do —216af + (df /do)o?
+270(6aff' +2bgg') —162(6af*+2bg?) =0. (17)



L234 Letter to the Editor

It is now a matter of routine calculation following Ince (1956) to see that this set of
equations does not belong to the Painlevé class classified there. So we have demon-
strated in the above discussions that some nonlinear equations, even though they
possess an inverse scattering transform and infinite number of commuting integrals,
may not be completely integrable.
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